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Abstract 

We study the long time behavior of solutions of the non-autonomous Reaction-Diffusion 
equation defined on the entire space R" when external terms are unbounded in a phase space. 
The existence of a puUback global attractor for the equation is established in L^(M") and 
respectively. The puUback asymptotic compactness of solutions is proved by using 
uniform a priori estimates on the tails of solutions outside bounded domains. 
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1 Introduction 

In this paper, we study the dynamical behavior of the non-autonomous Reaction-Diffusion equation 
defined on M*^: 

du 

— -Au + Xu = f{x,u)+g{x,t), (1.1) 

where A is a positive constant, g is a given function in Lf^^{M., L^(R")), and / is a nonlinear function 
satisfying a dissipative condition. 

Global attractors for non-autonomous dynamical systems have been extensively studied in the 
literature, see, e.g., [Il[3[51[IUl[IIl[I21[ia[ia[I3[ISl[2ni[23[2a[2a[2^ 

Particularly, when PDEs are defined in bounded domains, such attractors have been investigated 
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in [HI [121 El [HI [HI [ini [251 EOl [31]. In the case of unbounded domains, global attractors for non- 
autonomous PDEs have been examined in [H [26l [28] for almost periodic external terms, and in 
[TOl [TTl [3^ [39] for unbounded external terms. In this paper, we will prove existence of a pullback 
attractor for equation (jl.ip defined on R" with unbounded external terms. 

Notice that the domain R" for (jl.ip is unbounded, and hence Sobolev embeddings are no longer 
compact in this case. This introduces a major obstacle for examining the asymptotic compactness 
of solutions. For some PDEs, such difficulty can be overcome by the energy equation approach, 
which was introduced by Ball in [4,^ (see also [ini[IIl[ia[2ll[2ll[26l[271[29l[371[38|). In this paper, 
we will use the uniform estimates on the tails of solutions to circumvent the difficulty caused by the 
unboundedness of the domain. This idea was developed in |33j to prove asymptotic compactness 
of solutions for autonomous parabolic equations on M", and later extended to non-autonomous 
equations in [H [281 [Ml [39] ai^d stochastic equations in [71 [351 [36]. Here, we will use the method of 
tail-estimates to investigate the asymptotic behavior of equation (jl.ip with nonlinearity of arbitrary 
growth rate. We first establish the pullback asymptotic compactness of solutions of equation (jl.ip 
and prove existence of a pullback global attractor in L^(M"). Then we extend this result and show 
existence of a pullback global attractor in 

It is worth noticing that attractors for the non-autonomous Reaction-Diffusion equation defined 
on M" with unbounded external terms were also studied in [39j, where the authors proved the 
existence of a pullback attractor when the nonlinearity / satisfies a Sobolev growth rate. In the 
present paper, we deal with the case where the growth order of / is arbitrary. The asymptotic 
compactness of solutions in [39] was obtained by using the energy equation approach. But, here 
we will derive such compactness directly from the uniform tail-estimates of solutions. As we will 
see later, the existence of an attractor in H^{W^) is an immediate consequence of the existence of 
an attractor in L^(R") and the asymptotic compactness of solutions in i?^(M"). 

The paper is organized as follows. In the next section, we recall fundamental concepts and results 
for pullback attractors for non-autonomous dynamical systems. In Section 3, we define a cocycle for 
the non-autonomous Reaction-Diffusion equation on M"'. Section 4 is devoted to deriving uniform 
estimates of solutions for large space and time variables. In the last section, we prove the existence 
of a pullback global attractor for the equation in L^(]R") and H^(W^). 

The following notations will be used throughout the paper. We denote by || • || and (•, ■) the norm 
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and inner product in L^(M") and use || • ||p to denote the norm in L^[W^). Otherwise, the norm 
of a general Banach space X is written as |[ • The letters C and Cj (i = 1, 2, . . .) are generic 
positive constants which may change their values from line to line or even in the same line. 

2 Preliminaries 

In this section, we recall some basic concepts related to puUback attractors for non-autonomous 
dynamical systems. It is worth noticing that these concepts are quite similar to that of random 
attractor for stochastic systems. We refer the reader to [2l[6l[71[9l[l0l[IIl[l3l[I71[l8l[30l[35] for 
more details. 

Let be a nonempty set and X a metric space with distance d{-, •). 

Definition 2.1. A family of mappings {Ot}teR from 17 to itself is called a family of shift operators 
on 17 if {Ot}t<^M. satisfies the group properties: 

(i) Oqcj = uj, V G 17; 

(ii) OtiOrio) = Ot+roo, V w G 17 and r G M. 

Definition 2.2. Let {9t}teM. be a family of shift operators on 17. Then a continuous 0-cocycle (j) 
on X is a mapping 

(f) : X 17 X X ^ X, (t,u;,x) 1-^ (f){t,uj,x), 
which satisfies, for all w G 17 and t,T & M^, 

(i) (P{0,ll!, •) is the identity on X; 

(ii) (p{t + r, UJ, •) = (l){t, 9rUJ, •) o (/.(r, uj, ■); 

(iii) (pit, UJ,-) : X ^ X is continuous. 

Hereafter, we always assume that (/> is a continuous 0-cocycle on X, and T> a collection of families 
of subsets of X: 

V={D = {D{uj)}^^^ : D{uj) C X for every uj G 17}. 
Such a collection V is often referred to as a universe in the literature. 

Definition 2.3. Let P be a collection of families of subsets of X. Then D is called inclusion-closed 
if D = {D{uj)}^(,n £V and D = {D{uj) C X : cj G 17} with D{uj) C D{uj) for all G 17 imply that 
Dev. 
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Definition 2.4. Let D be a collection of families of subsets of X and {K{u))'\^(^q^ G V. Then 
{K{ijo)}^,zq^ is called a pullback absorbing set for (/> in P if for every B ^T) and w € $7, there exists 
> such that 

^(t, 6l_tw, B{9^tuj)) C for all t > t{uj, B). 

Definition 2.5. Let I? be a collection of families of subsets of X. Then (j) is said to be P-pullback 
asymptotically compact in X if for every E il, {(/)(tn, 0-t„uj, 2;n)}^i has a convergent subsequence 
in X whenever t„ — > oo, and x„ G B{6^tn^) with G P. 

Definition 2.6. Let P be a collection of families of subsets of X and {A{uj)}ujen G Then 
{^(a;)}^gn is called a P-pullback global attractor for cp if the following conditions are satisfied, for 
every to ^ Q, 

(i) A{uj) is compact; 

(ii) {A{uj)}^(zfi is invariant, that is, 

4>{t, Lo, A{lo)) = A{dtoj), V t > 0; 

(iii) {A{Lu)}u)en attracts every set in V, that is, for every B = {B{uj)}^^fi G V, 

lim d{(p{t,e-tu;,B{e^t^)),A{uj)) = 0, 

where d is the Hausdorff semi-metric given by d{Y,Z) = sup^gy inf^g^ \\y — z\\x for any Y C X 
and Z <ZX. 

The following existence result of a pullback global attractor for a continuous cocycle can be found 

Proposition 2.7. Let T) he an inclusion-closed collection of families of subsets of X and (/) a 
continuous 6-cocycle on X . Suppose that {K{uj)}i^,^q €z V is a closed absorbing set for (p in V 
and (j) is V-pullback asymptotically compact in X. Then 4> has a unique V-pullback global attractor 
{A{uj)}uien G which is given by 

T>0 t>T 
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3 Cocycle associated with the React ion- Diffusion equation 



In this section, we construct a 0-cocycle (j) for the non-autonomous Reaction-Diffusion equation 
defined on M". For every r G M and t > t, consider the problem: 

du 

— - Au + Xu = f{x,u) + g{x,t), xGM", (3.1) 

with the initial condition 

u{x,t) =Ur{x), xeM", (3.2) 

where A is a positive constant, g is given in L^^^(M, L^(R'^)), and / is a nonlinear function satisfying, 
for every x € M" and s G M, 

f{x,s)s<—ai\s\^ + (pi{x) for some p > 2, (3.3) 

\f{x,s)\<a2\sr' + Mx), (3.4) 
df 

— {x,s)<as, (3.5) 

where ai, 02 and are all positive constants, (pi € L^{W^), and (/)2 € L^(M") fl L'^(W^) with 
1 + 1 = 1. Denote by F{x, s) = Jq f{x, T)dT. Then we assume that F satisfies 

- (t)A{x) - aA\s\^ < F{x, s) < -aslsjP + </>3(x), (3.6) 

where 04 and as are positive constants and 4'3,(j)4, G L^{M."'). 

As in the case of bounded domains (see, e.g., [32]), it can be proved that if 5 G Lf^^O^, L2(M")) and 
()3.3p - (|3.6p hold true, then problem (|3.ip - (|3.2p is well-posed in L^(M"), that is, for every r G M and 
Ur G L2(]R"), there exists a unique solution n G C{[t, 00), L^{R''))f]L'^{T,T+T;H^{R''))f]LP{T,T+ 
T;LP(M")) for every T > 0. Further, the solution is continuous with respect to Ur in L^(M"'). To 
construct a cocycle (j) for problem (j3.ip - (|3.2p . we denote by = M, and define a shift operator 9f 
on $7 for every t G M by 

6»i(r) =t + T, for all r G M. 
Let 4>he a mapping from M+ x $7 x L^(M"') to L^(M") given by 

(f){t, T, tir) = u{t + r, T, Ur), 
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where i > 0, r E M, G ^^(M"), and u is the solution of problem (j3.ip - (|3.2p . By the uniqueness 
of solutions, we find that for every t,s >0, T £R and Ur e ^^(R"), 

(j){t + S, T, Ur) = (t){t, S + r, ((/)(S, r, Ur)))- 

Then it follows that is a continuous 6'-cocycle on Lp'iW^). The purpose of this paper is to study 
the existence of pullback attractors for (j) in an appropriate phase space. 

Let E he a. subset of L^(M") and denote by 

ll^ll = sup ||a;||L2(]Rn). 

Suppose D = {D(t)}tgM is a family of subsets of L^iMT') satisfying 

lim e^*||L'(t)f = 0, (3.7) 



where A is the positive constant appearing in (13. ip . Hereafter, we use T>\ to denote the collection 
of all families of subsets of L^(R"') satisfying (j3.7p . that is, 

Vx = {D = {I?(t)}teM : D satisfies (3.8) 

Throughout this paper, we assume the following conditions for the external term: 

r e^«||<7(e)fdC<oo, VtGM, (3.9) 

J — oo 

and 

lim sup / / e^^\g{x,i)\^dxdi = ^, V r € M. (3.10) 

k—>oo J —oo ./|x|>fc 

We remark that condition (j3.9p is useful for proving existence of absorbing sets for problem 
()3.ip - (|3.2p . while the asymptotically null condition (|3.10p is crucial for establishing the asymptotic 
compactness of solutions. Notice that conditions (|3.9p and (|3.10p do not require that g be bounded 
in L'^(]R") when t — > ±00. Particularly, These assumptions do not have any restriction on g when 
t — > +00. 

It follows from (j3.10p that for every r G R and r] > 0, there is K = K{T,ri) > such that 

[ [ e^^g{x,0\'^dxdC<ve^^. (3.11) 

J-00 J\x\>K 

As we will see later, inequality (j3.1ip is crucial for deriving uniform estimates on the tails of 
solutions and these estimates are necessary for proving the asymptotic compactness of solutions. 
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4 Uniform estimates of solutions 

In this section, we derive uniform estimates of solutions of problem (j3.ip - (j3.2p defined on when 
t — > oo. We start with the estimates in 

Lemma 4.1. Suppose (j3.3p and (j3.9p hold. Then for every r € M and D = {D{t)}t£M. S Vx, there 
exists T = T{t, D) > such that for all t >T, 

\\u{T,T-t,uo{T-t))f <M + Me-^^ r e^%{m^d^, 

J —oo 

r e^«||n(e,r-t,no(r-t))||^<iC<Me^^ + M r e'^^MOfdC, 

J T — t J — OO 

and 

r e^^\\u{i,T-t,u^{T-t))\\l,di<Me^^ + M r e^^\\g{Ofdi, 

J T — t J—OO 

where uo{t — t) £ D{t — t), and M is a positive constant independent of t and D. 
Proof. Taking the inner product of (j3.ip with u in L^(]R"') we get that 

oTlll^^f + llVtif + A||uf = / f{x,u)udx + {g,u). (4.1) 
2 at J^n 

For the nonlinear term, by ()3.3p we have 

/ f{x,u)udx<—ai / + / (f>idx. (4-2) 

By the Young inequality, the last term on the right-hand side of (j4.ip is bounded by 

1(5,^)1 < \\g\\ M < \x\\uf + j\\gf. (4.3) 

It follows from (fiJ]) - (|i:3|) that 

^\\uf + 2\\Vuf + X\\uf + lx\\uf + 2ai [ \u\Pdx < C + ^\\gf . (4.4) 

dt 2 JiRn A 

Multiplying ()4.4p by e^* and then integrating the resulting inequality on (r — t, r) with t > 0, we 
find that 

\\u{T,T-t,uo{T-t))f + 2e-^^ [ e^^\Vu{^,T-t,uo{T-t))fdC 



T-t 



+^Ae-^" /" e^^\\uiC,T-t,uoiT-t))fd^ + 2aie'^^[ e^^\\u{^,T - 1, 



uo{T-t))\m 



< e-^-e^(--*)||uo(T - t)f + \e-^^ e^%m?di + j. (4.5) 

Notice that uo{t - t) G D{t - t) and D = {D{t)}teR S I^a- We find that for every r G M, there 
exists T = T(t, D) such that for all t >T, 

e^(-^*)||no(r-t)f < i J^j'^giOfd^. (4.6) 

By we get that, for all t > T, 

\\u{T,T-t,uo{T-t))f + 2e-^^ [ e^^\Vu{^,T-t,uo{T-t))fdC 

Jr-t 

+jAe-^^ r e^«||n(e,r-t,no(r-t))fdC + 2aie-^^ T e''^\ui(,T - t,uoir - t))\\Pd^ 

^ Jr-t Jr-t 

which completes the proof. □ 
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The following lemma is useful for deriving uniform estimates of solutions in H 

Lemma 4.2. Suppose (|3.3p and (j3.9p hold. Then for every r G M and D = {D{t)}t^K G Vx, there 
exists T = T{t, D) > 2 such that for all t >T, 



e 



^^\\u{C,T-t,uoiT-t))fd^<Me^- + M / e^%{OfdC 



r-2 



r e^^\\Vu{C,T-t,uo{T-tm^d^<Me'^^ + M r e^^UOfd^, 

J T—2 J —oo 

and 

r e^^\\u{C,T-t,uoiT-t)XdC<Me^^ + M r e^%iOfd^, 

Jt-2 J-oo 

where uq{t — t) G D{t — t), and M is a positive constant independent of t and D. 



Proof. By (|13D we find that 

j^\\ur + X\\ur<C + \\\g\\\ 
Let s G [r — 2, r] and t > 2. Multiplying the above by c*"* and integrating over (s, r — t), we get 



e^^\\uis,T-t,uo{T-t))f<e^^--'^\\uo{T-t)f + C I e^^d^ + l I e'^Um'dC 



T-t ^ Jr-t 



Therefore, there exists T = T{t, D) > 2 such that for all t > T and s G [r — 2, r], 

e^^\u{s,r- t,no(r - t))f < jc^^ + j e^%iOfdC (4.7) 
Integrate the above with respect to s on (r — 2, r) to obtain that 

/ e^^\\u{s,T-t,uo{T-t))fds<-^e>^- + ^ / e^^iOfd^- (4-8) 

Jt-2 J~oo 

On the other hand, for s = t — 2, ()4.7p implies that 

Multiplying ()4.4|] by e^* and then integrating over (r — 2,r), by (14.90 we get that, for all t>T, 
e^^\\u{T,T-t,uo{T-t))f + 2 r e^«||Vn(e,r-t,no(r-t))||2de 

Jt-2 

+2ai r e^^\\u{tT-t,uo{T-t))\\Pd^ 

Jt-2 

<C r e^^iOfd^ + Ce^^ 

J —oo 

which along with (|4.8p completes the proof. □ 

Note that e'''^ > e'^'^"^'^ for any ^ > t — 2. So as an immediate consequence of Lemma 14.21 we 
have the following estimates. 

Corollary 4.3. Suppose ([331) and ^M) hold. Then for every t e R and D = {D{t)}t<^M. € Vx, 
there exists T = T{t, D) > 2 such that for all t >T, 

r \\u{^,T-t,uoiT-t))fd^<M + Me~^-r e^«||5(e)fd^, 

J T — 2 J — oo 

r \\Vu{^,T-t,uo{r-t))fdC<M + Me-''^r e^^\g{Ofd^, 

Jt-2 J-oo 

and 

r \\u{^,T-t,uo{T-t))\\PdC<M + Me-^- r e>^^\\g{Ofdt 

Jt-2 J-oo 

where U(){t — G D{t — t), and M is a positive constant independent of t and D. 
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Next we derive uniform estimates of solutions in H 
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Lemma 4.4. Suppose jSS]), <^M (^^d ([SJD hold. Then for every t £R and D = {D{t)}teR e Vx, 
there exists T = T(t, D) > 2 such that for all t >T, 

\\Vu{T,T-t,uo{r-t))f <M + Me-'^^ f e^«||5(0 f ^^C, 



\\u{T,T-t,uo{T-t))\\l<M + Me-^^ / e'-^iOfdi, 

J —oo 

and 

r \\u^{C,T-t,uo{T-t))fd^<M + Me-^^r e^%{Ofdt 

J T—l J —OO 

where uo{t — t) G D{t — t), and M is a positive constant independent of t and D. 

Proof. In the following, we write uq{t — t) as uq for convenience. Taking the inner product of (13.1 
with ut in and then replacing t by ^, we obtain 

||^/^(^, r - t, uo)f + ^ Q II Vn(e, T - t, Mo)f + ^A||«(^, T - t, uo) IP - n)dx 

Note that the right-hand side of the above is bounded by 

\{9{0,udtr-t,uo))\<\\g{m K(e,r-t,uo)|| <^K(e,r-t,no)f + ^1'-^-^"^ 



Then we have 



||n5(e,r-t,no)f + (||Vn(e,r-t,no)f + A||u(e,r-t,no)f -2 / F{x,u)dx] < 



2 

(4.10) 



which implies that 



^ (ll Vn(e, T-t, no) f + XMC, T-t, no)f - 2 F{x, u)dx^ < \\g{0\\' ■ (4.11) 
Let s <T and t>2. By integrating M.llh over (s,r) we get that 

\\Vu{t,t - t,uo)\\'^ + X\\u{t,t - t,uo)\\'^ - 2 / F{x,u{t,t - t,uo))dx 

<\\Vuis,T-t,uo)f + X\\u{s,T-t,UQ)f -2 [ F{x,uis,T-t,uo))dx+ I HOfdC 

JR" Js 
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Now integrating the above with respect to s on (r — l,r) we find that 

||Vn(r, r — t, iio)||^ + A||n(r, r — t, Mo)||^ — 2 / F{x,u{t,t — t,UQ))dx 



< / \\Vu{s,T - t,uo)\\ ds + X \\u{s,T -t,uo)\\ ds 

Jt-1 Jt-1 



-2 / F{x,u{s,T-t,uo))dxds+ \\gm\d(- (4.12) 

Jt-1 JR" Jt-1 

By p.6p we have 

a5\\u{T,T -t,uo{T -t))\\^- (t>3{x)dx < - F{x,u{t,t - t,uo))dx, (4.13) 

and 

— / F{x,u{s,T — t,uo))dx < a4\\u{s,T — t,uo{T — t))\\^ + / (j)4{x)dx. (4.14) 
Jr" Jr" 

It follows from (jiJ2]) - (fiJi]) that 

II Vn(r, T-t, uo)f + X\\u{t, r-t, uq) f + 205 |h(T, r-t, uq) ||^ 
< / \\S/u{s,T - t,uo)\\'^ds + \ \\u{s,T - t,uo)\\'^ds 

Jt-1 Jt-1 



+2a4 /" \\u{s,T-t,uoiT-tmPds+ [ \\giOfd^ + '^[ 

Jt~1 Jt~1 JR" 



{(psix) + 4>i{x))dx, 



which along with Corollarv 14.31 implies that there exists T = T(t, D) > 2 such that for all t >T, 
II Vn(r, T-t, uo) f + A||u(t, r-t, uq) f + 205 ||u(t, r-t, uq) |[^ 

<C + Ce-^^ f e^%{0\?di + e^e-^^ f e^%{i)fdi. (4.15) 
J —00 J— 00 

Similarly, first integrating (j4.1ip with respect to ^ on (s,r — 1) and then integrating with respect 
to s on (r — 2, r — 1), by using Corollarv 14.31 we can get that for all t >T, 

||Vn(r - 1,T - t,uo)f + X\\u{t - 1,t - t,uo)f + 2a5||n(r - 1,t - t,'Uo)||^ 

<C + Ce-^^ r e^%im'dC+ f \m)\?di. (4.16) 

J —00 J T—2 

Now integrating (|4.1U|) over (r — 1 , r) we obtain that 

\\u^iC,T - t,uo)fd^ + \\WuiT,T - t,uo)f + X\\uiT,T - t,uo)f - 2 [ F{x,u{T))dx 



T-1 
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< / \\g{Ofd^ + \\'^<r-l,T-t,uo)f + X\\u{T-l,T-t,uo)f -2 F{x,uiT - l))dx 



r-l 



which along with (fiJ3]) . and (|i36]) shows that for ah t > T, 



\\u^{C,T-t,uo)rdC< \\gmrd^ + '^ {Mx) + Mx))dx 
T-i Jt-1 Jr" 

+ ||Vn(r - l,r - t,uo)f + A||u(t - 1,t - t,no)f + 2a4||u(T - l,r - t,uo)\\P 

J-oo Jt~2 

<C + Ce-^^ f e^%m?d^ + e^^e-^^ f 6^^115(011'^^ (4.17) 

J—oo J—oo 

Then Lemma 14.41 fohows from (j4.15p and ()4.17p immediately. □ 

We now derive uniform estimates of the derivatives of solutions in time. To this end, we also 
assume § G Ll^{R, L'^{W)). 

Lemma 4.5. Suppose 1^-1^ and ^Ml hold. Let ^ e Lf^^iR, L'^{W)) . Then for every r € M 
and D = {D{t)}t£^ G Vx, there exists T = T{t, D) > 2 such that for all t >T, 



\\uriT,T-t,uoiT-t))r <M + Me-^^ / e^'^UOrdC + M / Wg^Olrd^, 
where U(){t — G D{t — t), and M is a positive constant independent of t and D. 

Proof. Let ut = v and differentiate p.ip with respect to t to get that 

dv df 

— - Av + Xv = —{x,u)v + gt{x,t). 

Taking the inner product of the above with v in L^(R"'), we obtain 

~,hf + \Nvf + ^vf=[ ^{x,u)\v{x,t)\^dx+ [ gt{x,t)v{x,t)dx. (4.18) 

By (j3.5p and the Young inequality, it follows from ()4.18p that 

±\\vf < 2as\\vf + \\\gtm' . (4.19) 

Let s € [r — 1, r] and t > I. Integrating (j4.19p on (s, r), by u = we get that 

\\UriT,T - t,Uo{T - t))||^ < \\Us{s,T - t,Uo{T - 
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+2a3 T-t, uo{t - t))fd^ + j bdOfdC 

<\\us{s,T-t,uo{T-t))f + 2as r \\ui:{^,T-t,uo{T-t))fd^+\ r Wg^iOfdC. 

Jt~1 Jt-1 



Now integrating the above with respect to s on (r — l,r) we find that 



\\Ur{T,T -t,Uo{T -t))\\ < / \\Us{s , T - t , Uo{t - t))\\ cls 

+203/ \\H{i,T-t,uo{T-t))fdi+\f \\g^m?di, 

Jt-1 ^ Jt-1 

which along with Lemma 14.41 shows that there exists T = {t,D) > 2 such that for all t >T, 

\\UriT,T - t,UoiT - 

<C + Ce-'^ r e'%{m'dC + \r MOfd^. 

J -00 Jt-1 

The proof is completed. □ 

We now establish uniform estimates on the tails of solutions when t — > 00. We show that the 
tails of solutions are uniformly small for large space and time variables. These uniform estimates 
are crucial for proving the pullback asymptotic compactness of the cocycle <f). 

Lemma 4.6. Suppose (j33|) . ([M]) and ([3:9|) - ([3T0l) hold. Then for every r] > 0, t € R and 

D = {D(t)}teK € Vx, there exists T = T{t, D,rj) > 2 and K = K(t, rj) > such that for all t >T 
and k > K , 

\u{x, T,T — t, uo{t — t))\'^dx < r], 



l\x 



l\x\>k 

where uo{t — t) G D{t — t), K{T,r]) depends on r and rj, and T{T,D,rj) depends on t, D and rj. 

Proof. We use a cut-off technique to establish the estimates on the tails of solutions. Let 6* be a 
smooth function satisfying < < 1 for s G and 

e{s) = for < s < 1; e{s) = 1 for s > 2. 

Then there exists a constant C such that |^'(s)I < C for s G Taking the inner product of (j3.ip 
with e{}^)u in L'^{W), we get 



2dt 



[ ^(^)H'-/ o&uAu + xf eC-±)\u\ 



2 
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/ G{'^-^)f(.x,u)udx+ I e{^^)g{x,t)u{x,t)dx. (4.20) 



We now estimate the right-hand side of (I4.20p . For the nonhnear term, by p.3p we have 



,2 )/(x,n)udx < -Qi / / e{^)Mx)dx< Mx)dx. (4.21) 

JR'i Jr" J\x\>k 

For the last term on the right-hand side of (j4.20p we find that 

/ 6{—p)g{x,t)u{x,t)dx= / 9{—-^)g{x,t)u{x,t)dx 

jRn J\x\>k 

^ J\x\>k J\x\>k 

<\^l (^(^-^M'dx + ^ [ \9{x,t)\'dx. (4.22) 

On the other hand, for the second term on the left-hand side of ()4.20p . by integration by parts, we 
have 

JA;<|a;|<V2fc K K K J k<\x\<V2k 

where C is independent of k. It follows from (j4.20p - ()4.23p that 

4/ e(^)|npdx + A/ 0(^)N^dx 

<2 [ \^^{x)\dx + \ [ \g{x,t)\^dx + ^{\\uf + \\Vuf). (4.24) 

J\x\>k J\x\>k k 

Multiplying (|4.24p by e^* and then integrating over (r — t, r) with t > 0, we get that 

9{^-^)\u{x,T,T - t,Mo(T - t))\'^dx 



+2e-^" 



Jr" 

e^^\Mx)\dxdC + \e-^^ [ I e^^\g{x,0\'^dxd^ 

T-tJ\x\>k ^ JT-tJ\x\>k 
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+2e-^^ [ [ e^^\Mx)\dxdC + \e'^^ [ [ e^^g{x,0\^dxdC 

J~oo J\x\>k ^ J-oo J\x\>k 

+ je-^^ (l|n(e,r - t,no(r - t))f + \\Vui(,T - t,uo{r - t))f) d(. (4.25) 

Note that given r] > 0, there is Ti = Ti(r, D,rj) > such that for all t >Ti, 



e 



^Xr^xir-t) f \uo(^r-t)\^dx<r]. (4.26) 
J\R" 



Since (pi G L^(]R"), there exists Ki = Ki{r]) > such that for all k> Ki, 



2e-^^ I I e^^<t)i{x)\dxdi<r]. (4.27) 



-oo J |a;|>fc 

On the other hand, by (|3.1ip there is K2 = K2{t, j]) > Ki such that for all k > K2, 



\e-^^ r [ e^€|5(x,e)P«<f (4.28) 

^ J-oo J\x\>k 



-00 V|a:|>A; 

For the last term on the right-hand side of (j4.25p , it follows from Lemma 14.11 that there is T2 
T2{t, D) >0 such that for ah t>T2, 

je-^^ {MC, T-t, uo{t - t))f + II Vn(e, r - t, uo(r - t))||2) d^ 

<^(l + e-^-) l^j'%{m'dC- 
Therefore, there is K3 = K-^ij^ rj) > K2 such that for all k > K-^ and t >T2, 



^« (||n(e, T-t,uo{T- t))f + \\Vu{t r - t, no(T - t))f) d^ < rj. (4.29) 
Let T = max{ri, r2}. Then by we find that for all k > K3 and t > T, 

/ ^(t2")I"(^''^''^ ~ t,uo{T - t))fdx < 3ry + -, 
and hence for all k > K3 and t >T, 

u{x, T,T — t, Uq{t — t))\'^dx 



'\x\>V2k 

r I |2 

^ / 0{-^)Hx,T,T-t,uo{T-t))\^dx<3r]+1, 
which completes the proof. □ 



15 



5 Existence of pullback attractors 



In this section, we prove the existence of a I';v-pullback global attractor for the non-autonomous 
Reaction-Diffusion equation on M". We first establish the P^-pullback asymptotic compactness 
of solutions and prove the existence of a pullback attractor in L^(IR"'). Then we show that this 
attractor is actually a 2?A-pullback attractor in H^(W^). 

Lemma 5.1. Suppose (|3.3p - (|3.6p and (|3.9p - (|3.10p hold. Then (j) is Vx-pullhack asymptotically 
compact in L^(M"), that is, for every r € M, I? = {D{t)}ti=R G 'C'x, and tn oo, no,n £ D{t — tn), 
the sequence (j){tn,T — tn,uo^n) has a convergent subsequence in L^(M"). 

Proof. We use the uniform estimates on the tails of solutions to establish the precompactness of 
(j){tn,T — tn,uo^n) in that is, we prove that for every r] > 0, the sequence 4>{tn,T — tn,UQ^n) 

has a finite covering of balls of radii less than r/. Given K > 0, denote by 

= {x : l^l < K} and = {x : \x\ > K}. 

Then by Lemma 14.61 for the given r] > 0, there exist K = K{t, ry) > and T = T{t, D,r]) > 2 such 
that for t >T, 

\\(l){t,T - t,Uo{T - t))\\i2(^^c^) < J. 

Since t„ — s- oo, there is A^i = iVi(r, D,ri) > such that t^^T for all n > Ni, and hence we obtain 
that, for all n> Ni, 

rj 

||(/)(t„,r - t„,Mo,n)||L2(n^) < ^- (5-1) 

On the other hand, by Lemmas I4.1l and l4.4t there exist C = C(r) > and N2{t, D) > such that 
for all n > 

By the compactness of embedding H^{Qk) L'^{^k), the sequence (j){tn, T—tn, wo.n) is precompact 
in L'^{Qx)- Therefore, for the given r] > 0, (j){tn,T — tn, i*o,n) has a finite covering in of balls 

of radii less than r//4, which along with ()5.ip shows that (f){tn,T — tn,uo^n) has a finite covering in 
L^(M") of balls of radii less than r], and thus (j){tn,T — tn,UQ^n) is precompact in L^(M"). □ 

We now present the existence of a pullback global attractor for (p in L^(R"). 
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Theorem 5.2. Suppose (j33]) - (f3:6]) and (f3:9]) - (fXT0|) /loW. T/ien problem ^^-^^ has a unique 
Dx-pullback global attractor {A{t)}t-^^ G Dx in L^(M"), that is, for every r £ M, 

(i) A{t) is compact in L^(IR'"'); 

(a) {A{t)}t-£M is invariant, that is, 

(t>{t,T,A{T)) = A{t + T), Vt>0; 

(Hi) {A{T)}r£R attracts every set in Vx with respect to the norm o/L^(M"), that is, for every 
B = {B{T)}reR G -Dx, 

lim (ii2mn)((/)(t,T - t,B{T - t)),A{T)) = 0, 

where for any Y, Z CL 

C^L2(Kn)(y,Z) = sup inf \\y - z||L2(Kn). 

Proof. For r G M, denote by 

B{t) = {u : \\uf <M + Me-^^ I \\g{^) fd^}, 

J — oo 

where M is the positive constant in Lemma l4.1i Note that B = {B{T)}reR ^ is a D>,-punback 
absorbing for cj) in L^(M") by Lemma |4.1[ In addition, is P;^-pullback asymptoticahy compact 
by Lemma l5.ll Thus the existence of a P^-punback global attractor for (p in follows from 

Proposition 12.71 □ 

In what follows, we strengthen Theorem 15.21 and show that the global attractor {A{T)}r£R is 
actually a PA-puHback global attractor in H^{W^). As a necessary step towards this goal, we first 
prove the asymptotic compactness of solutions in H^{W^). 

Lemma 5.3. Suppose l^-^M) and l^-I^M) hold. Let § G Lf^^(R, ^^(M")). Then cf) is Vx- 
pullback asymptotically compact in H^{W^), that is, for every r G M, D = {D{t)}teR S ^A; and 
tn — > oo, UQ^n £ D{t — tn), tkc scqucncc 4'{tn,T — tn,uo^n) has a Convergent subsequence in H^{M.'^). 

Proof. By Lemma [STTl the sequence (j){tn,T — tn,uo^n) = u{t,t — tn,uo^n) has a convergent subse- 
quence in L^(R"), and hence there exists v G L^(]R"') such that, up to a subsequence, 

u{t,t - tn,Uo^n) ^ V in L^(E"). 



17 



This shows that 

u{t,t — tn,uo,n) is a Cauchy Sequence in L^(]R"). (5-3) 

Next we prove that u{t,t — tn,uo^n) is actually a Cauchy sequence in H^(W^). For any n,m> 1, 
it follows from (j3.ip that 

-A (n(r, r - t„, Uo,n) - u{t, T - tm, UO,m)) + A {u{t, T - tn, Uo,n) - u{t, T - tm, Uo,m)) 
= /(x, u{t, T - tn,Uo^n)) " f{x, u{t, T - tm, Uo,m)) " Ur{T, T - tn, no,n) + Ur^T, T - tm, Uo,m)- (5.4) 

Multiplying (|5.4p by u{t,t — tn, Mo,n) — u{t,t — tm, wo,m), by (|3.5p we get that 

||V (ti(T,r - tn,UQ^n) - u{t,T - tm,UQ^m)) ||^ + A||n(r,T - tn,MO,n) " u{t,T - tm,Uo^m)\\'^ 
< \\u^{t,T - t„,Mo,n) - Ur{T,T - tm,UQ^m)\\\\u{T,T - tn, WO,n) " u{t,T - tm,Uo^m)\\- 

+ a3||n(r,r - t„,uo,n) - u(T,r - tm,uo^m)\\'^ ■ (5.5) 
By Lemma 14.51 we find that for every r G R, there exists T = T{t, D) such that for all t >T, 

\\Ur{T,T - t,Uo{T - t))\\ < C. 

Since tn — > cxd, there exists N = N{t, D) such that tn>T for all n >T. Thus we obtain that, for 
all n> N, 

\\Ur{T,T - t„,no,„)|| < C, 

which along with (jS.Sp shows that, for all n,m > N, 

II V {u{t,T - tn,UQ,n) " u{t,T - tm,UQ,m)) \? + A||n(r,T - tn,'UO,n) " u{t,T - tm,Uo^m)\\'^ 
< 2C\\u{t,T - t„,no,n) - u{t,T - tm,'«0,m)||. 

+ a3||n(r,r - tn,UQ^n) - u{t,t - tm,^io,m)|p. (5.6) 

It follows from (j5.3p and (|5.6p that u{t,t — tn,uo^n) is a Cauchy sequence in //^(M"). The proof is 
completed. □ 

We are now ready to prove the existence of a global attractor for problem (I3.ip - ()3.2|) in i?^(M"). 
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Theorem 5.4. Suppose l^-l^ and HSM - USTlOtf hold. Let § G Lf^^{R,L^{W)). Then problem 
()3.ip - ()3.2p has a unique Vx-pullback global attractor {A{T)}r£R G T>x in H^{W^), that is, for every 
r G M, 

(i) A{t) is compact in H^{W^); 
(a) {A{t)}t-(=m. is invariant, that is, 

(l){t,T,A{T)) = Ait + r), Vt>0; 

(Hi) {A{T)}reR attracts every set in T>x with respect to the norm of H^{W^), that is, for every 

lim dHi(Rn){4>{t,T - t,B{T - t)),A{T)) = 0, 

t—*oo ^ ' 

where for any Y, Z CI {{^{M."'), 

dm(R«){Y, Z) = sup inf \\y - z||j^i(iRn). 

Proof. The invariance of {A{T)}reM. is aheady given in Theorem 15. 2[ So we only need to prove (i) 
and (iii). 

Proof of (i). Let {vn}'^=i ^ •^{'^)- We want to show that there exists v G A{t) such that, up to 
a subsequence, t>„ ^ w in H^{W^'). Since A{t) is compact in L^(M") by Theorem 15.21 there exists 
V G A{t) such that, up to a subsequence, 

Vn^v in L^{W). (5.7) 

We now prove the convergence in (j5.7p actuahy holds in H^{W^). Let be a sequence with 

t„ — > oo. By the invariance of {A{T)}reR^ foi' every n > 1, there exists Wn G A{t — tn) such that 

Vn = 4>{tn,'r -tn,Wn). (5.8) 

By Lemma (5^ it follows from ()5.8p that, there exist u G //^(M") such that, up to a subsequence, 

?;„ = </.(*„, r-^„,^^;„) in ^^(M"). (5.9) 

Notice that ()5.7p and (|5.9[) imply v = t> G .4(r), and thus (i) follows. 

Proof of (iii). Suppose (iii) is not true. Then there are r G M, -B = {B{T)}re9. £ eo > and 
tn — > oo such that 

dmiR"){4>itn,r - tn,B{T - tn)),A{T)) > 2eo, 
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which imphes that for every n > 1, there exists Vn ^ B{t — tn) such that 

djyi(]Rn)(0(t„,r - tn,Vn),A{T)) > eo- (5.10) 
On the other hand, By Lemma [53} there is f G ff^(R") such that, up to a subsequence, 

(t>{tn,T-tn,Vn)^V in H^{W). (5.11) 

Since {A{t)}t-£R attracts B = {B{t)}t-£M. in i^^(IR") by Theorem 15.21 we have 

hm dL2r-^n){<j){tn,T - tn,Vn),A{T)) = 0. (5.12) 

n—>oo ^ ' 

By ()5.1ip - (l5.12|) and the compactness of A{t), we find that v € A{t) and 

hm dHimn){(j){tn,T - tn,Vn),A{T)) < lim dHimn){(j){tn,T -tn,v„),v) =0, (5.13) 

a contradiction with (j5.10p . The proof is completed. □ 
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